Abstract. Extending our construction in [18] to Poisson Lie group actions, we show that generalized Kähler reduction exists even when only one generalized complex structure in the pair is preserved by the group action. We show that the constructions in string theory of the (geometrical) T -duality with H-fluxes for principle bundles naturally arise as reductions of factorizable Poisson Lie group actions. In particular, the group may be non-abelian.
Introduction
This article is the natural continuation of [18] , in which we defined the notion of Hamiltonianness in generalized complex geometry and constructed Marsden-Weinstein reduction in generalized geometry. For the literature on generalized geometry and reduction in general, please consult [18] .
In this article, we propose a candidate of geometric realization of part of the ansatz of T -duality with H-flux in the physics literature using reductions in generalized Kähler geometry. T -duality has long been intensively studied in physics and has made its marks in mathematics as well, e.g. via mirror symmetry [40] . Here we treat T as in "T arget space" instead of "T orus". The context of our reduction construction here is the Hamiltonian Poisson action of Poisson Lie group. Classically, such reduction was discussed in [31] and our construction here should be viewed as the generalization of Lu's construction for symplectic manifold to generalized geometry.
It is by now well-known that a generalized complex structure induces a canonical Poisson structure, e.g. [1, 12, 14, 18] . Let G be a Poisson Lie group in a double group (G; G,Ĝ), then the Hamiltonian Poisson action with moment map as defined in [31] (also see definition 8.14) can be adapted to generalized complex geometry (definition 2.2), as well as generalized Kähler geometry (definition 3.3). We then have the first results on reduction:
Theorem 2.5, 3.6. Suppose (M, J) is an H-twisted generalized complex manifold with Hamiltonian G action, whose moment map is µ : M →Ĝ. Let M0 = µ −1 (ê), whereê ∈Ĝ is the identity element. Suppose thatê is a regular value and the geometrical action of G is proper and free on M0. Then there is a natural extended complex structure on the reduced space Q = M0/G.
If furthermore, (M, J1, J2) is an H-twisted generalized Kähler manifold and the G-action is J1-Hamiltonian. Then there is a natural extended Kähler structure on the reduced space Q.
As in [18] , when the action is pure, i.e. factors through Diff(M ), the reduced extended tangent bundle naturally split and the twisting form on Q can be explicitly written down.
In investigating T -duality, we are guided by the detailed computation in [18] of the example of C 2 \ {(0, 0)} with non-trivial twisting class, which is a covering space of the example of Hopf surface given in [14] . We have the following crucial definition: To discuss T -duality, we impose two sets of assumptions, on the group G (assumption 4.2 (0)) and on the action ofG (the rest of assumption 4.2). Our first result in this direction is
Theorem 4.7. Under assumption 4.2, the reduced spaceQ = M0/G of bi-Hamiltonian action of factorizable Poisson Lie group admits a natural extended Courant algebroid (definition 4.5).
We point out that the equation above appears as part of the definition of T -duality with H-flux of principle torus bundles in the literature (also see below). Here, it appears as a geometrical consequence. The notion of T -duality group in the literature can be recovered ( §6) with our construction.
We describe the content of the article in the following. It's helpful to recall the basics of Lu's construction (see also §8 appendix B). A Poisson Lie group G is a Lie group with a multiplicative Poisson structure, i.e. m : G × G → G is a Poisson map. Let (M, ω) be a symplectic manifold, the action of G on M is called Poisson if the map G × M → M defining the action is Poisson, with the product Poisson structure on G × M . In [31] , Lu defined momentum mapping for such Poisson actions (see also definition 8.14, theorem 8.15). Lu then went on to show that symplectic reduction can be carried out for Poisson actions with momentum mapping, although in general, the symplectic structure ω is not invariant under Poisson actions.
We show, in §2 and §3, that the momentum mapping as defined in [31] can be extended to the generalized geometry (definition 2.2), and the reduction construction for symplectic manifold can be extended to generalized complex manifold (theorem 2.5), as well as generalized Kähler manifold (theorem 3.6). We note that similar to the case of symplectic geometry in [31] , the generalized complex structure may not be preserved by the group action. In fact, in our construction of generalized Kähler reduction, none of the two generalized complex structures need to be preserved by the group action, as long as certain subbundle of TM is preserved (remark 3.7). We note that reduction of Courant algebroid ( §7 appendix A) as well as reduction of generalized Kähler structure ( §3) have been discussed in various other works [14, 28, 29, 39] . Here we do not require the action to factor through Diff(M ) and the structures need not be preserved.
One of the features of generalized Kähler geometry is that the two generalized complex structures are on the same footing, which is not at all obvious in the classical Kähler geometry. In fact, this is one of the reasons that generalized Kähler geometry could serve as the natural category of discussing duality. The notion of T -duality with H-flux in abelian case is proposed in [4] and then has been worked to much more general situations which involves non-commutative [34] and non-associative [6] geometries. The motivation in physics is that the physical theories on T -dual spaces are isomorphic and thus provides insights to what the physics is about. Here we concentrate on the more geometrical duality and leave the non-classical cases to furture work.
We first describe the construction of T -duality with H-flux from the existing literature in the following. To simplify matters, we restrict to T = S 1 , where many complications do not arise. Let p : E → M be an S 1 -principle bundle with connection form Θ ∈ Ω 1 (E) and curvature form Ω ∈ Ω 2 (M ).
and there is a principle S 1 -bundlep :Ê → M whose first Chern class is [Ω] . In particular, we may choose a connection formΘ ∈ Ω 1 (Ê) whose curvature
1 is closed and the pair (Ê,Ĥ) is said to be T -dual to the pair (E, H). One may also consider the correspondence space E ×MÊ, whose projection to E andÊ is denoted π andπ respectively. Then the forms satisfyπ
We may summarize this description with the following diagram:
Poisson Lie action and reduction
The basic setup is the following. Let (M, J) be an H-twisted generalized complex manifold. Let TM = T M ⊕ T * M be the generalized tangent bundle, a : TM → T M the natural projection. Then there is natural Poisson structure π J on M defined by
Let (G, πG) be a Poisson Lie group with Poisson structure πG. 
, and the imaginary part is [18] . By 8.15, µ is a Poisson map. Let M0 = µ −1 (ê), then µ * (π J |M 0 ) = πĜ|ê = 0, it follows that Xµ, i.e. the geometrical action of G, preserves M0.
We may consider reduction with Hamiltonian Poisson Lie group action. We assume that the action is left action, and the following:
(1) The identityê ∈Ĝ is a regular value of µ, (2) (the geometrical part of ) G acts freely on M0.
Proof: We only need to show that the infinitesimal actions preserve the subbundles by computing
We note that ιY µ
Theorem 2.5. Suppose that G is compact, then with assumption (1) and (2) , there is a natural extended complex structure on the quotient Q = M0/G.
Proof:
By πĜ|ê = 0 we compute on M0:
descends to an extended tangent bundle TµQ on Q. Consider (L ⊕ (µ * θ )) ∩ Ann(µ * θ , J(µ * θ )), then it induces a subbundle L0 in T ′ µ M0 which coincides with the image of L under the subquotient. By lemma 2.4, the bundle L0 is G-equivariant and descends to a subbundle Lµ of TµQ. That Lµ is maximally isotropic with real index 0 and integrable follows from the same properties of L. Thus L0 defines an extended complex structure Jµ.
Similar to [18] , B-field transformation on M preserves Hamiltonian-ness iff B ∈ Ω 2 (M ) G , and the reduced structure is then transformed by b ∈ Ω 2 (Q) so that π * b is the horizontal part of B. Let Θ be a connection form on π : M0 → Q, choose a basis {τj } of g, let Xj = Xτ j and define
Corollary 2.6. When the Hamiltonian G-action is pure, the reduced structure in theorem 2.5 is h-twisted generalized complex structure, where
is independ of the choice of connection form as well as G-invariant B-transformation on M .
Remark 2.7. We note that in the above theorem, J(µ * θ )∩T * M = {0}. As we will see this condition is
is an integral submanifold of E, then the (geometrical) action generated by J(µ * θ′ ) preserves M ′ 0 . Suppose that J(µ * θ′ ) generates an action of compact Lie group G ′ , then by lemma 7.4 (1), there is a natural extended tangent bundle
In particular, whenθ ′′ =θ, the reduced manifold is simply a submanifold of M0. That reduced structure can be a submanifold has already been observed by other works, e.g. [14, 39] .
Generalized Kähler reduction
Let (M, J1) be an H-twisted generalized complex manifold. A second generalized complex structure J2 makes (M, J1, J2) into an H-twisted generalized Kähler manifold if G = −J1J2 = −J2J1 defines generalized metric (see [17] ) on TM = T M ⊕ T * M , i.e. G·, · defines a metric on TM . We show that just as symplectic reduction admits induced Kähler structure when the original manifold is Kähler with G preserving the complex structure, generalized complex reduction wth respect to J1 would admit extended Kähler structure if J2 is preserved. [8] , [28] and [39] , with various generalities. The construction we describe below, which fits our needs for discussing duality, has not appeared in the stated form. In particular, we allow non-trivial B-field action and we only require the action preserve one of the generalized complex structures. To consider generalized Kähler reduction, we note that Ann(µ * θ , J1(µ * θ )) is not preserved by J2:
The right hand side of above equation is again G-equivariant subbundle when restricting to M0, as the two terms on the left are both so.
(
Let ⊥ denote the orthogonal complement with respect to the metric G·, · on V. Then for any subspace W ⊂ V we have W ⊥ = Ann(GW ) and V = W ⊕ Ann(GW ). In particular
With condition (1), by the last expression in (3.1) for j = 1 and l = 2, we see that the decomposition in the statement holds. With the condition (2), we have
and it follows that all +'s in (3.1) are ⊕'s.
Lemma 3.5. Continue from lemma 3.4 and let
The restriction , K of , K on WK is non-degenerate pairing and (J1, J2; G) restricts to generalized Kähler structure (J1,K , J2,K ; GK ) on WK with respect to the pairing , K . The inclusion WK ֒→ Ann(K, J1(K)) induces natural isomorphism WK ≃ VK in §7, and the extension sequences correspond.
Proof: Note that WK is preserved by G we see that for any X ∈ WK such that X, WK = 0, it must satisfy X, G(X) = 0, i.e. X = 0. It implies that the restriction , K is nondegenerate.
Let aK : WK → WK be the map induced from the projection a. The kernel of
. Now ker aK is maximally isotropic with respect to , K and the self-duality follows. The last sentence follows from direct checking.
We have the following theorem, similar to theorem 4.7 in [18] :
Suppose that the assumptions (1) and (2) in §2 holds, then there is a natural extended Kähler structure on the quotient Q = G\M0.
Proof: All the bundles in the proof will be on spaces at µ =ê, either level set or reduced space. Let
) be the subbundle of TM |M 0 , then it is a G-equivariant subbundle. Let TµM0 be defined as in theorem 2.5 for J1. From lemma 3.5, the bundles T ′ µ M0 and TµM0 are naturally isomorphic via the inclusion of
G by the following:
where π1 is the projection Ann(µ * θ , J1(µ * θ )) → T Remark 3.7. We notice from the proof that, in order to have extended Kähler reduction, even the generalized complex structure J2 doesn't have to be preserved by G-action either. The only thing that needs to be preserved is the intersection L2 ∩ T ′ µ M0. Here, unlike the case in theorem 2.5, where L1 ⊕ (µ * θ , J1(µ * θ )) being equivariant provides descending of J1, the lemma 3.4 implies that such flexibility doesn't apply for J2.
Corollary 3.8. When the G-action is pure, the reduced structure constructed in theorem 3.6 is twisted generalized Kähler.
Bi-Hamiltonian action and factorizable reduction
Suppose that (g, g,ĝ) is the Manin tripe of a Lie bialgebra g and let (G, G,Ĝ) be the corresponding double Lie group, i.e.G is connected and simply connected with Lie algebrag, G andĜ are connected subgroups with Lie subalgebra g andĝ respectively and the map G ×Ĝ →G : (g,ĝ) → gĝ is a diffeomorphism.
Definition 4.1. The action ofG on M is a bi-Hamiltonian action of the double Lie group (G; G,Ĝ) if the induced action of G is J1-Hamiltonian and that ofĜ is J2-Hamiltonian.
In the following, we consider factorizable Lie bialgebras g (definition 8.4) and the corresponding Poisson Lie group G is also called factorizable. Let (g, r) be a factorizable Lie bialgebra where r ∈ g ⊗ g has symmetric part s and skew-symmetric part a (cf. §8.1). Being factorizable implies that s :ĝ = g * → g is a linear isomorphism. Let S :Ĝ G be the local diffeomorphism defined by s and the exponential maps at the identity elementsê ∈Ĝ and e ∈ G, then dS(ê) = s. We note that g ≃ g ⊕ g as Lie algebra (theorem 8.7), andG ≃ G × G as Lie group. For a double Lie group, we call it compact if the groupsG, G andĜ are all compact. Remark 4.3. It follows from (2) that M0 is preserved by theG action and thus (4) only makes sense with (2) . By (3), we see that when restricted to M0, we haveμ * = µ * • s * = µ * • s, since s is symmetric. Thus, restricted again to M0, we havê
We then haveṼK = VK ⊕ K, N1 ⊕ N2 ⊂ AnnV (K) and the exact sequence
It then follows from lemma 7.2. 
Definition 4.5. A Courant algebroid E on M is an extended Courant algebroid if it fits in the following diagram:
Proof: The proof of (4.1) is verbatim as the proof of (8.13) in [18] . It follows that
Then the "Jacobi identity" for * is equivalent to
The above equation simplifies to
Apply the axiom (8.10), we can simplify the right hand side to
Thus we have I = −dNij(X, Y, Z) and the lemma follows from the axiom (8.7). It follows from the above proposition that the usual constructions of B-transformation for B ∈ Ω 2 (M ) and twisting of the Courant bracket by H ∈ Ω Proof: Let Γ(·)G denote the set ofG-invariant sections. By lemma 2.4 we see that
is preserved by the G-action. Similarly, it's also preserved byĜ and it follows that it's preserved by the action ofG. Analogously, the bundles (µ * θ , J1(µ * θ ), J2(µ * θ )) and (µ * θ ) are preserved by thẽ
, then the conditions for lemma 7.4 (2) are
descends to an Courant algebroid TeQ on Q.
Another way to see the Courant algebroid structure is to follow theorem 3.6. By the decomposition given in lemma 4.4, we define the projection π : Ann(µ
, and the brackets coincide. Similar to lemma 4.8 of [18] :
Proof: Choose a connection formθ of theG-principle bundle M0 →Q and with respect to a choice of basis ofg we haveθj andXj . Consider the formb = j (1 −θj ∧ ιX j )B1, where the terms in brackets are considered operators on Ω 2 (M ). Thenb is horizontal with respect toG-action and the transformation eb preserves Ann(µ * θ , J1(µ * θ ), J2(µ * θ )). From which the result follows.
Courant and T -duality

Courant duality. The Courant duality is the following. Consider a proper bi-Hamiltonian action of the double Lie group (G, G,Ĝ).
Suppose that reduction of G-(resp.Ĝ-) action atê ∈Ĝ (resp. at e ∈ G) as in theorem 3.6 exists and denote it (Q, J1, J2) (resp. (Q,Ĵ1,Ĵ2)): Geometrically, the Hamiltonian duality as defined above has a significant drawback: a priori, the level sets Mê = µ −1 (ê) and Me =μ −1 (e) might have nothing to do with each other and the relation between the geometry and topology of the quotients Q andQ may not be clear. For Courant duality, the relation of the topology and geometry can be understood much better. Proof: Note that the invariant sections of T Q lifts to M0 as theG-invariant sections of
, which is isomorphic to T ′′ µ M0 by lemma 3.4. The proposition then follows.
T -duality.
When the action of G andĜ commute, we have:
be the Manin triple corresponding to a factorizable Lie bialgebra g. If [g,ĝ] = 0, theng is abelian, and we write (g, g,ĝ) = (t, t,t).
Proof: By theorem 8.7, we have for τ ∈ g andω ∈ĝ:
which implies that [τ, s(ω)] = 0. Since s is invertible, we see that g is abelian. Then by equation (8.1) we see thatĝ is also abelian. It then implies thatg is abelian as well.
Because of this, in the following we work under the assumption 4.2 and thatG is abelian. The notationsT , T andT will mean that the respective groups are compact, i.e. torus.
Lemma 5.5. Both J1 and J2 are preserved by theT -action. For any τ ∈ t andω ∈t, we have d J1(µ * θ τ ), J2(μ * θω) = 0. We define the pairing
then P is non-degenerate, i.e. τ = 0 ∈ t ⇐⇒ P (τ,ω) = 0 for allω ∈t and vice versa forω.
Proof: By definition, the t-action preserves J2 andt-action preserves J1. Then by the proof of lemma 2.4 and dθ = 0 by abelian-ness, it follows that J1 as well as µ * (θτ ) are preserved by t. Thus theT -action preserves J1. Similarly, J2 andμ * (θω) are preserved by theT -action. Thus we have:
Add the above two equations, we see that along M0,
That P is non-degenerate follows from non-degenerate-ness of the generalized metric G.
As corollary of theorem 3.6 and theorem 4.7, we note that for bi-Hamiltonian action of (T , T,T ), the reduction as described in theorem 4.7 factorizes in two ways, via Q orQ, thus Definition 5.6. The structures T Q and TQ are said to be (Courant) T -dual to each other. Assumption 5.7. In the rest of this section, we assume that the action ofT is pure.
We consider the reduced structures on Q = M0/T andQ = M0/T . By corollary 3.8, the structures are both twisted generalized Kähler structures, whose twisting form can be described with a choice of connection forms. LetΘ be a connection form on M0 as principleT -bundle. Choose basis {τj } and {τj} of t andt respectively, and denote θj , Xj + ξj, Θj andθj,Xj +ξj ,Θj the corresponding components. Without appealing to the proper-ness of the actions of t andt, we define:
ThenB isT -invariant on M0. When the actions of t andt are proper, the forms Θ andΘ become connection forms on M0 as respectively T andT principle bundles. Let h (resp.ĥ) be the twisting form of the corresponding reduced structure on Q (resp.Q), then
where on the right hand side we use also the pairing (5.1).
Proof: Direct computation shows that theT -horizontal part ofB is 0. Thus by corollary 4.8, the Courant algebroid structure onQ is unchanged by the −B-transformation.
The −B-transformed structures on M has twisting formH = H + dB. Let JB 1 = e −B J1eB and so on. We compute
and it follows that JB 1 (µ * θ l ) = X l + ξ ′ l where ξ ′ l = jΘ j · ιX lξ j . We note that ιX j ξ ′ l = 0, and the twisting form h satisfies
Similarly, we haveπ
More explicitly, we computê
where the last step we use the pairing P as given in (5.1).
Remark 5.9. We note that the T -orT -horizontal part ofB in general do not vanish. Thus the structures on Q andQ are B-transformed from their respective original structures. With the proposition 5.3 the theorem above states that the Courant algebroid onQ formed by the set of invariant sections of T Q or TQ are still isomorphic to the original one. We note also that the equation (5.3) coincides with the equation in the physics literature, where M0 is to be the correspondence space of the T -dual bundles Q andQ. It's shown (e.g. [4] ) that the twisted cohomology of T -dual principle bundles are isomorphic. Since the twisted cohomology only depends on the cohomology class of the twisting, the same is true for the structures on Q andQ before applying B-transformation. In [9] , the proposition 5.3 is shown when Q andQ are T -dual S 1 -principle bundles, with twisted generalized complex structures, by directly defining the isomorphism.
5.3.
Example. The example in [18] of H-twisted generalized Kähler manifold M = C 2 \{(0, 0)} with nontrivial twisting class [H] . We use the notations in [18] , where (z1, z2) = r(e iφ 1 sin λ, e iφ 2 cos λ) are the coordinates on M . Then H = − sin(2λ)dλ ∧ dφ1 ∧ dφ2. The moment map considered in [18] is µ = ln r which generates the bi-Hamiltonian action of T 2 on M . Thus, the restriction of the reduced structures computed in [18] to M ′ = M \ ({z1 = 0} ∪ {z2 = 0}), which are the standard and opposite Kähler structures on D 2 \ {0}, are T -dual to each other.
T -duality group
We first consider the linear case and use the notations and assumptions of lemma 4.4. We note that the natural pairing on V induces a pairing PK on J1(K) ⊕ J2(K), which can also be seen as induced from the pairing ·, G(·) defined on K by G. By the positive definiteness of G we see that PK has signature (m, m) where m = dim K. Completely parallel to lemma 3.5, we have Lemma 6.1. We use the notations and assumptions of lemma 4.4. Let K ′ ⊂ J1(K) ⊕ J2(K) be a maximal isotropic subspace with respect to PK and N ′ = a(K ′ ) where a : W → V is the projection, then there is a self-dual exact sequence:
Proof: By the conditions in lemma 4.4, we see that
, then the kernel of the induced map
Since ker a K ′ is maximally isotropic with respect to the induced pairing , K on WK , we see that the exact sequence is self-dual.
Using the notations in (the proof of) theorem 3.6, we have Proof: By the proof of theorem 4.7, the bundles (µ * θ ), (µ * θ , J1(µ * θ ), J2(µ * θ )) and TµM0 are all preserved byT -action, and thus are preserved by T ′ -action. Let K = (µ * θ ) and K ′ be the subbundle generated by the infinitesimal fields {X τ ′ + ξ τ ′ |τ ′ ∈ K ′ }, then it follows from the proofs of lemma 2.1 and 5.5 that (µ * θ , K ′ ) is preserved by the T ′ -action. Since T ′ is isotropic, we have K⊕K ′ ⊂ Ann(K, K ′ ) and lemma 7.4 (1) gives an extended tangent bundle T Q ′ on Q ′ . It follows from proposition 5.5 that J1 and J2 are both invariant with respect to the T ′ -action and thus descend to J 
In particular, the basis {τ g j } and {τ g j } can be taken as the transformation of {τj} and {τj} by g. The proof of (5.3) is then completely parallel to that of theorem 5.8. The isomorphism of courant algeboids is straight forward. 6.1. Example. We consider in detail the special case when g = e b where b : t →t is skew-symmetric with respect to the pairing P . Then g(t) = graph(b) and g(t) =t. Let {τj } and {τj } be basis of t and t respectively and (bij ) the matrix of b with respect to these basis. Then {τ
, where b(τj) = k b kjτk ∈t. Let b to denote the objects for the transformed structures. We then have
Direct computation then shows that
from which it follows that
i.e., the equation (5.3) holds for the pair of reduced structures Q b andQ b . Sincet b =t, we havê Q b =Q, while the twisting formĥ is changed by an exact term. As the situation for t andt is symmetric, we may consider e β for skew-symmetric β :t → t and obtain similar result.
6.2. Example. The example discussed in §5.3 does not admit interesting T -duality group action, because O(1, 1; Z) = {±1, ± ( 0 1 1 0 )}. This can be compensated by considering a product of these, i.e. twisted structures on M 2 , for example, and apply §6.1. Instead, here we consider another situation which is not quite covered by T -duality group. For the example in §5.3 the actions are generated by
Thus the anti-diagonal action is generated by 
Appendix A: Reduction of Courant algebroid
Special case of the reduction of Courant algebroid has been discussed implicitly in our paper [18] in showing that extended complex structure exists as the result of reduction of generalized complex manifold and in general it has been discussed explicitly in the works [8] , [39] . For the sake of completeness, we prove the reduction of Courant algebroid in the relavant context of our construction in this article. In particular, unlike [8] , [39] , we do not require the action to factor through Diff(M ). We start with the following slight generalization of lemma 4.3 in [18] .
, then , descends to non-degenerate pairing , K on VK and we have the self-dual exact sequence 
and , restricts to a non-degenerate pairing on K ′ .
then we have the exact sequence:
Proof: The surjectivity of Ann(K, K ′ ) → AnnV (K) is easy and everything then follows.
In [18] , we showed that the H-twisted infinitesimal symmetry generated by X = X + ξ ∈ Γ(TM ) is (X, dξ − ιX H) and the infinitesimal action is given by the (negative of) Dorfman bracket * H :
where Y = Y + η. The Dorfman bracket satisfies the following identity:
which together with (8.10) implies that:
Definition 7.3. Let S be a subspace of sections in TM which is closed with respect to
It follows that when S ′ is an isotropic idea of S, the structure (S, [, ]H , , ) induces one such structure on the quotient space S/S ′ .
Lemma 7.4. Let (M, [, ]H ) be a manifold with H-twisted Courant algebroid structure on TM and
M0 ⊂ M be a submanifold. Let K ⊂ T * M |M 0 and K ′ ⊂ TM |M 0 be two subbundles of rank m and m ′ respectively so that T M0 = AnnT M (K) and K ′ ∩ T * M = {0}. Suppose that K is generated by sections {θj} m j=1 so that dθj ∈ Γ(∧ 2 K) and K ′ is generated by sections {Xj } m ′ j=1 . Letσ be the H-twisted infinitesimal action generated by {Xj } m ′ j=1 . Suppose that Ann(K, K ′ ) is preserved byσ.
If furthermore, we suppose that the actionσ on M0 is induced by a morphism G →GH where G is compact of dimension m
′ and the geometrical action σ is free. Let Q = M0/G then
descends to an extended tangent bundle on Q.
is preserved by σ and , induces a non-degenerate pairing on K ′ , then
Xj , X = 0 and ιX θj = 0.
From the assumptions, AnnT M (K) is an integrable distribution and M0 is the leave of this distribution.
, the (geometrical) action of G preserves M0 and the quotient Q is well-defined.
Let X, X ′ ∈ S1, then by (8.10) we compute
and
is an isotropic idea in S1. Thus the structures
descends to an extension EQ of T Q by T * Q. Consider the diagram
We check the axioms for Courant algebroid for EQ, while we carry out the arguments on the lifting to M0. Because the generated action of G is free, the map aK is surjective. It follows that the operator
Equation (8.6) follows directly from the middle commuting square in the diagram. For equation (8.10), we note that in the original structure, either side vanishes when any of A, B or C lies in Γ(K, K ′ ). Since obviously Leibniz rule holds for DK, we see that (8.8) and (8.9) hold. Now we only need to check (8.7). We note that when any of A, B or C belongs to Γ(K, K ′ ), the right hand side of (8.7) vanishes, while the left hand side lies in Γ(K, K ′ ). It follows that (8.7) holds, and the axioms of Courant algebroid are verified.
Completely parallel to case (1) above, we see that S2 is closed under [, ]H . By definition Γ(K) is an isotropic idea in S2 with respect to ([, ]H , , ). Consider the diagram:
The axioms in definition 8.18 can be checked similarly as in case (1).
8. Appendix B: Collection of facts 8.1. Lie bialgebra. The material in this subsection is taken from [13] , [10] (chapters 1-3) and [27] where more details and references may be found. Definition 8.1. A Lie bialgebra is a vector space g with a Lie algebra structure and a Lie coalgebra structure, these structures being compatible in the following sense: the cocommutator mapping δ : g → g ⊗ g must be a 1-cocycle (g acts on g ⊗ g by means of the adjoint representation). Invariance of , is defined as [τ, ω] , λ + ω, [τ, λ] = 0 for any τ, ω, λ ∈ p. Given a Manin triple (p, p1, p2), we put g = p1 and define the cocommutator g → g ⊗ g as the dual to the commutator mapping p2 ⊗ p2 → p2 on p2, which is naturally isomorphic to g * via the nondegenerate pairing. On the other hand, given a Lie bialgebra g, put D(g) = g ⊕ g * , then (D(g), g, g * ) can be made into a Manin triple where the nondegenerate scalar product is given by the natural pairing and the Lie algebra structure on D(g) is defined by invariance of the pairing. More explicitly, we check that
Let r ∈ g ⊗ g, then a cocommutator δ : g → g ⊗ g can be defined as following:
It is a 1-coboundary and thus is obviously a 1-cocycle. Suppose r = i ai ⊗ bi with ai, bi ∈ g, we define the following in g ⊗ g ⊗ g: Suppose that there is an invariant symmetric pairing (, )0 : g ⊗ g → R on g. Then it defines an element in g * ⊗ g * via the canonical identification (g ⊗ g) * = g * ⊗ g * . Suppose that (, )0 is furthermore nondegenerate, then it gives rise to r0 ∈ g ⊗ g via identification ρ0 : g → g * defined by (, )0. We note that r0 is symmetric and g-invariant. On the other hand, invariance of (, )0 defines a g-invariant element α ∈ ∧ 3 g * as following:
Again via ρ0, we may think of α ∈ ∧ 3 g instead. Then direct computation shows that [[r0, r0]] = α. By invariance of r0, we find that the cocommutator δ0 defined by r0 vanishes and the Lie algebra structure on g * by δ * is trivial. The Lie bracket of g ⊕ g * defined by the Lie bialgebra (g, δ0) is then
where τ, ω ∈ g, τ * , ω * ∈ g * and ad * is the coadjoint action. For an element r ∈ g⊗g, let r : g * → g be the map defined by r(τ * )(ω * ) = (τ * ⊗ω * )(r). Let r = s+a be the splitting of an r-matrix into symmetric and skew-symmetric parts, then [[r, r] 
Suppose that r is factorizable and let R = a • s −1 : g → g.
where [, ] r is the Lie algebra structure defined by the Lie bialgebra structure on g.
The Lie algebra (g, [, ]R) will be denoted gR and we have Proposition 8.6. The map J : gR → g ⊕ g : τ → (R+(τ ), R−(τ )) with R± = R ± id, is an injective Lie algebra homomorphism with the direct sum Lie algebra structure on g ⊕ g.
Theorem 8.7. Let D(g) be the double of a factorizable Lie bialgebra g given by r, then D(g) ≃ g ⊕ g as Lie algebra. The isomorphism is given by g ֒→ g ⊕ g : τ → (τ, τ ) and
The pairing on g ⊕ g induced from the isomorphism is given by
8.2.
Poisson Lie group and actions. The material in this subsection is taken from [31] and [32] . More details can be found there as well as the references therein. We use the following conventions. 
We note that right invariant vector field X ξ generates left action on G by the 1-parameter subgroup gt = e tξ . Thus the left action of G on M induces homomorphism of Lie algebras
is the infinitesimal action generated by ξ, while the right action of G induces anti-homomorphism of Lie algebras. With this convention, the map πP has different signs from the convention used in [31] and [32] .
Definition 8.9. A Lie group G is called a Poisson Lie group if it is also a Poisson manifold such that the multiplication map m : G × G → G is a Poisson map, where G × G is equipped with the product Poisson structure.
Let π be the Poisson tensor on G, then π|e = 0 where e ∈ G is the identity, and the linearization of π at e defines onĝ = g 
The corresponding Lie algebra structure onĝ coincides with the one given by linearizing π at the identity e ∈ G. In particular, θ
* forτ ,ω ∈ĝ and · = l or r.
Proof: The linearization of π at e is defined to be L•π|e : g → g ∧ g : ξ → LY ξ π(e), where Y ξ is any vector field on G with Y ξ (e) = ξ. In particular, we may choose either 
The last two terms of † vanish because the pairings, e.g. X From theorem 1.6 of [32] , the Lie algebra g of Poisson Lie group G is naturally a Lie bialgebra with δ : g → g ∧ g being the dual of bracket [, ]ˆ. The dressing actions as defined above are same as those in [31, 32] . Following [31] : 8.3. Courant algebroid and extended tangent bundles. The material in this subsection is taken from [30] and [14] , where more details and references can be found. Everything here can be complexified and get the corresponding complex definition. a(X)f (cf. definition 8.18 ). An extended almost complex structure J on T M is an almost complex structure on T M which is also orthogonal in the inner product , . Furthermore, J is integrable and is called extended complex structure if the +i-eigensubbundle L of J is involutive with respect to the bracket [, ] .
In [15] , Hitchin defines the notion of generalized tangent bundle as extended tangent bundle associated to a gerbe with connective structure. We note that the notion of extended tangent bundle also appeared as exact Courant algebroid in the literature (e.g. [14] ). The following result is from [18] . In particular, T * M is always involutive. Let B ∈ Ω 2 0 (M ), then the B-transformation e B : X → X + ιX B is a symmetry of the extended tangent bundle, where X = a(X).
